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Chapter 1

Introduction

The theory of heights is an essential and powerful tool in Diophantine geom-
etry. Arakelov geometry provides a framework where heights can be defined
and studied on arbitrary varieties. Following [BPS14], the goal of this exposi-
tory paper is to develop a machinery that makes explicit, in combinatorial and
convex-geometric terms, the calculations of Arakelov heights on toric varieties.

We now give a brief survey of the history and motivations of heights and
Arakelov geometry, partly following [Jon04].

Intuitively, the height of a point on a variety measures the “complexity” of
this point. For example, on Pn(Q), we have the naïve height h : Pn(Q) → R: if
we write p = [a0 : · · · : an] ∈ Pn(Q) such that ai ∈ Z and gcd(a1, . . . ,an) = 1,
then define its height by

h(p) = max{|a0|, . . . , |an|}.

Note that this has the important property, called the Northcott property and
shared by many later variants of heights, that given any constant C, the set
of points pwith h(p) < C is finite.

An early application of heights was the proof of Mordell’s Theorem for el-
liptic curves in 1922, later generalised by the Mordell-Weil Theorem to abelian
varieties over number fields (see, for example, [Sil86]).

Theorem 1.1 (Mordell’s Theorem, 1922). Let E be an elliptic curve over Q. Then
its rational points E(Q) form a finitely generated abelian group.

Around the same time, Mordell posed the following conjecture for the higher
genus cases.

Conjecture 1.2 (The Mordell Conjecture, 1922; Faltings’ Theorem, 1983). Let X
be a smooth projective curve of genus g ⩾ 2 over a number field K. Then X(K)
is a finite set.

An analogous statement for smooth projective curves over function fields of
characteristic 0 was proved in the 1960s by Manin and Grauert. Later, Parshin
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and Arakelov came up with a different proof to the function field case, whose
essential ingredient is a height function on the set of rational points with a
Northcott property.

The nature of Parshin and Arakelov’s height function is intersection-theoretic.
Given a function field K and a curve X/K, an essential step of their argument is
to choose a model

p : X → B,

where X is a proper algebraic surface, B is a smooth projective curve with
K(B) = K, and the generic fibre XK(B) is isomorphic to X. Now, rational points
on X will correspond to sections s of the fibration p. Then, using classical in-
tersection theory on X, the height of a rational point is defined in terms of an
intersection number involving the corresponding section. Using inequalities
on canonical class of this surface, such intersection numbers can be bounded,
thereby obtaining a bound on the heights of rational points and finishing the
proof.

It is then very natural to try to generalise this strategy to the case of number
fields. Let K be a number field and OK be its ring of integers. For simplicity, we
work with the case K = Q,OK = Z. For a curve X/Q, one can again associate a
model, which is a proper morphism

p : X → SpecOK = Spec Z,

where the fibres are curves, and the generic fibre is isomorphic to X. Then
again, rational points correspond to sections.

But the issue now is that unlike in the previous case, X is not compact, and
we cannot expect a well-behaved intersection theory on X. Now, the closed
points in Spec Z correspond to primes in Z, and hence to the p-adic (non-
archimedean) absolute values. Ostrowski’s theorem says that the absolute val-
ues on Z are precisely the usual (archimedean) absolute value |·|∞ and the
p-adic absolute values |·|p. To solve the compactification problem, Arakelov’s
ingenious idea is that we should formally adjoin the fibre over the archimedean
place |·|∞ (“the fibre at infinity”) by considering the Riemann surface naturally
associated with the complex points X(C) of X; then the pair (X,X(C)) should
behave like a compact surface.

In this setup, one can define the notion of an arithmetic divisor, which con-
sists of a Weil divisor on X together with some component “at infinity”. Such
arithmetic divisors form a group D̂iv(X), and Arakelov developed a symmetric
bilinear intersection pairing on D̂iv(X) in his influential paper “An intersection
theory for divisors on an arithmetic surface” ([Ara74]).

This theory did not directly allow a translation of the function field proof
into the number field case, due to the lack of arithmetic analogues of the in-
equalities used in the function field setting, and the Mordell Conjecture was
eventually proved by Faltings in 1983 using somewhat different ideas. How-
ever, it did become the starting point of Arakelov geometry, which has since
evolved into a rich subject.
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In higher dimensions, this philosophy was developed by Bost, Gillet, and
Soulé into an arithmetic intersection theory and a general height theory [BGS94].
Given a smooth projective variety X defined over a number field K, the data re-
quired for this setup is still (X,X(C)), where p : X → SpecOK is a proper model
like before. The arithmetic intersection theory is then formulated in terms of
arithmetic line bundles, or metrised line bundles: An arithmetic line bundle L is a
pair (L, ∥·∥), where L is a line bundle on X restricting to a line bundle L on X,
and ∥·∥ is a smooth metric on the complex line bundle associated to L on X(C).

This approach has some technical shortcomings. For one, it restricts us to
smooth varieties and smooth metrics. But many toric varieties are not smooth,
and many natural metrics in toric settings are not smooth, either. Moreover, it
requires the existence of an integral model, and it puts the archimedean and
non-archimedean places on different footings.

In the 1990s, Zhang introduced the adelic point of view into height theory
[Zha95], which removes the above restrictions and puts the archimedean and
non-archimedean places on more equal footings. In particular, this setting con-
siders uniform limits of semipositive metrics, which include the natural toric
metrics. The adelic viewpoint is further developed in subsequent works such
as [Gub02], [Gub03], [Cha06].

In this formulation of heights, the height function, called the global height,
consists of local contributions from places, called local heights. This formalism
is the one the authors of [BPS14] work in to develop the arithmetic geometry
of toric varieties, and it is the one we will take in this exposition.

A brief introduction to this formalism is given in our Chapter 3. As we
will see there, the intersection-theoretic nature of heights is less explicit in this
setting, but the reader will surely catch glimpses of its shadows. Moreover, we
will comment on how to translate the data of the Bost–Gillet–Soulé setup into
this language, after which the two formalisms will produce the same outputs.

The local heights will be defined as certain integrals on the corresponding
analytic spaces (complex or Berkovich analytic spaces, depending on the place)
and are a priori not straightforward to compute. The merit of the theory devel-
oped by [BPS14] is that it makes this computation very explicit in the case of
toric varieties.

By extending the standard dictionary between toric and convex geometries,
the authors can express the (toric) local height of a toric variety X with respect
to a metrised line bundle L as the integral of a concave function over the poly-
tope ∆ defining X (Theorem 5.5):

htor
L

(X) = (n+ 1)!
∫
∆
ψ∨ d volM .

Here, ψ is a concave function determined by the metric ∥·∥ on L, and ψ∨

is its Legendre-Fenchel dual (see Chapter 2). For a more precise statement, see
Theorem 5.5.
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Combinatorial / convex data Toric object
Algebraic Geometry

fan Σ toric variety XΣ

polytope ∆ projective toric variety X∆

piecewise linear functions Ψ : |Σ| → R T-Cartier divisors DΨ

Arithmetic Geometry
continuous functions ψ : NR → R

extending to NΣ
toric metrics on O(DΨ)

concave functions ψ : NR → R

with |ψ−Ψ| bounded
semipositive toric metrics

on O(DΨ)

Monge–Ampère measure of ψ Chambert–Loir measure

To keep our exposition grounded, throughout we will keep in mind the
example of Pn

Q. This will occur as multiple examples throughout the en-
tire text, as new concepts are introduced. Such examples shall be our
guiding examples, and will be highlighted like this current paragraph.
One way to read this exposition is to first locate all such guiding examples,
and work backwards to learn the necessary machineries.

This exposition is organised as follows.
In Chapter 2, we give an introduction to the theory of Legendre-Fenchel

duality of concave functions and their associated convex decompositions. It
provides the convex geometry background required for this exposition, but it
is also of independent interest, because this duality of convex decompositions
generalises the polytope-normal-fan correspondence, familiar to anyone who
has studied polyhedral or toric geometry.

In Chapter 3, we give a concise treatment of Arakelov heights, as discussed
above. We aim to equip the reader with a working understanding of the key
notions of this formalism, without necessarily giving the full details.

In Chapters 4 and 5, we start to specialise in the setting of toric varieties,
using the background we have built up in the previous chapters. In Chapter 4,
we develop the important Theorems 4.11 and 4.14 which transport the metric
data to the Euclidean space NR. Finally, in Chapter 5, the material developed
in previous sections culminates in the local toric height formula (Theorem 5.5),
and we conclude with its application to the computation of global heights.
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Chapter 2

The Legendre-Fenchel
Duality

The purpose of this section is two-fold. On the one hand, the convex geometry
is of intrinsic interest: Given a polytope P, the polytope-normal-fan correspon-
dence states that its faces F ⊂ P are in inclusion-reversing correspondence with
the cones of its normal fan. This familiar fact from polyhedral geometry, used
in toric geometry and many contexts, can be upgraded to a duality between
concave functions, inducing a correspondence of convex decompositions, using the
theory of Legendre-Fenchel Duality. We shall give a concise and accessible in-
troduction to this interesting theory.

On the other hand, many of the notions we develop are important and nec-
essary for studying heights on toric varieties.

2.1 Basic definitions

We first set up some notations to be used throughout this chapter.
Throughout the paper, we will use the following standard setup of convex

geometry in the context of toric geometry.

Notation 2.1. Let N ≃ Zn be a lattice and M = Hom(N, Z) ≃ Zn be its dual
lattice. Declare NR = N⊗ R ≃ Rn,MR = M⊗ R ≃ Rn. Denote by (·, ·) both
the natural perfect pairingsM×N→ Z andMR ×NR → R.

We assume the reader is familiar with the basic notions of polyhedral ge-
ometry, such as polytopes, cones, fans. These can be found in [Ful93, Chapter
1].

We briefly recall some as follows. For the sake of definitions, everything
below is inside NR.

A polyhedron is a finite intersection of half-spaces. A polytope is a bounded
polyhedron.
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A polyhedral cone, or in short a cone, is a polyhedron σ such that λσ = σ for
any λ > 0. Equivalently, it is the non-negative linear combination cone(v1, . . . , vl)
of some vectors v1, . . . , vl ∈ NR. A cone is rational if the generators vi can be
taken from the lattice N.

A polyhedron or cone is strongly convex if it contains no 1-dimensional sub-
spaces of NR. A fan is a “compatible" collection Σ of strongly convex rational
cones, defined more precisely below.

Next, let us recall some definitions of general convex geometry, following
[BPS14, Chapter 2.1]. For the use of any convex geometry terms we have not
defined, we refer the reader to [BPS14, Chapter 2.1].

Let C ⊂ NR be a convex set.

Definition 2.2. The affine hull aff(C) is the minimal affine space containing C.
The relative interior of C is the topological interior of C with respect to aff(C)
and is denoted by relint(C).

A subset F ⊂ C is a face of C if whenever a line segment u1u2 ⊂ C such that
relintu1u2 meets F, we have u1u2 ⊂ F. This differs from the usual definition of
faces of polytope.

That definition leads to the definition of an exposed face of C: F ⊂ C is an
exposed face of C if there exists m ∈MR such that F minimises the pairing with
m:

F = {v ∈ C | (m, v) ⩽ (m,u) ∀u ∈ C}.

An exposed face is always a face. For polyhedrons, faces and exposed faces are
the same.

A convex subdivision is a collection Π of convex sets such that

1. if C ∈ Π, then every face of C is also in Π.

2. The intersection of any two convex sets in Π is either empty or a face of
both.

Π is called a convex decomposition if it only satisfies (2).
The support |Π| of a convex decomposition Π is the union of its members,

and Π is said to be complete if |Π| = NR.
A polyhedral complex is a finite convex subdivision whose members are poly-

hedra. A fan is a polyhedral complex whose members are strongly convex ra-
tional cones.

Next, we define some notions for concave functions.
Set R = R ∪ {−∞} with the natural order and arithmetic operations.

Definition 2.3. A function f : Rn → R is concave if

f(tu1 + (1 − t)u2) ⩾ tf(u1) + (1 − t)f(u2)

for all u1,u2 ∈ Rn and t ∈ (0, 1), and f is not identically −∞.
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The effective domain dom(f) of a concave function f is the subset of Rn on
which f takes finite values. This is a convex set.

We say that a concave function f is closed if it is upper semicontinuous, i.e.
f−1([a,∞)) ⊂ Rn is closed for all a ∈ R. Given an arbitrary concave function
f, there exists a unique minimal concave function over f, called its closure and
denoted by cl(f).

Let C ⊂ NR be a polyhedron. A function f : C → R is said to be piecewise
affine ifC is a finite union of closed subsetsCi such that f|Ci

is an affine function
for each i. A concave function f : NR → R is piecewise affine if dom(f) is a
polyhedron and f|dom(f) is piecewise affine.

2.2 The polytope-normal-fan correspondence

Our starting point is the familiar polytope-normal-fan correspondence, which
we recall now.

Definition 2.4. Given a face F ⊂ P, we define its normal cone σF = {v ∈ NR |

(f, v) ⩽ (m, v) for all f ∈ F,m ∈ P}, i.e. the set of functionals v attaining its
minimum on P at F.

The (inner) normal fan ΣP of a polytope P consists of the cones {σF}F⊂P as F
ranges over all faces.

This indeed defines a fan. The assignment F 7→ σF is an inclusion-reversing
bijection. The inverse is given by

σF 7→
⋂

v∈σF

{m ∈ P | (m, v) = inf
m ′∈P

(m ′, v)} =
⋂

v∈σF

argminm∈P(m, v).

In other words, we simply take the points of P which evaluate to the minimum
when paired with any vector in σF.

It is enough, in fact, to take any vector v0 in the relative interior of σF, i.e.⋂
v∈σF

argminm∈P(m, v) = argminm∈P(m, v0)

if v0 ∈ relint(σF).
We can give an alternative characterisation of normal cone σF.

Definition 2.5. Given a face F ⊂ P of a polytope P, we define the angle of P at F
to be

∠(F,P) := {t(m− f) | t ⩾ 0,m ∈ P, f ∈ F} ⊂MR.

Lemma 2.6. We have
σF = ∠(F,P)∨.

Proof. This follows directly from definitions.
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2.3 Legendre-Fenchel duality of concave functions

Notice that the inverse map defined above depends on the knowledge of P.
There is no way to recover P from the fan ΣP alone because ΣP does not re-
member the positions of the supporting hyperplanes.

We can rectify this problem by remembering these support data, which we
describe now.

Let C ⊂ NR be a closed convex set. Define the indicator function ιC of C to
be 0 on C and −∞ otherwise. The support function of C is given by

ΨC(x) = inf
u∈C

(x,u).

Specialise to the case when C is a polytope P = conv(m1, . . . ,mk) with
vertices mi. Now ιP tells us about P, and we claim that ΨP remembers both
the fan ΣP and our polytope P.

Indeed, note that for any vertexmi, σmi
is a maximal cone in ΣP, and ΨP is

linear on σmi
, given by u 7→ (u,mi). Hence the linearity domains of ΨP give

us ΣP.
Moreover, we can recover P as an intersection of half-spaces:

P =
⋂

v∈NR

{m ∈MR | (v,m) ⩾ ΨP(v)}.

In fact, it suffices to let v only range over the generators of 1-dimensional cones
in ΣP.

We can generalise this construction to any concave function beyond the in-
dicator function by modifying the domain we work in.

Definition 2.7. Let f be a concave function. We define the hypograph of f to be
the set

hypo(f) = {(u, λ) ∈ NR × R | λ ⩽ f(u)}.

Since f is concave, hypo(f) is a convex set. We can consider its support
function Ψhypo(f) : MR × R → R. We restrict our attention to its values on
vectors (m,−1) ∈MR × R, corresponding to non-vertical hyperplanes.

Definition 2.8. Let f be a concave function on NR. The Legendre-Fenchel dual
f∨ is defined by

f∨(m) = Ψhypo(f)(m,−1)

= inf
u∈NR

(
(m,u) − f(u)

)
.

Notice that since hypo(ιC) = C× R⩽0 for a convex set C, we have ι∨C is
nothing but the support function ΨC.

Given the recovery of P from its support function above, one may expect to
be able to recover f from f∨. Indeed, f 7→ f∨ defines a duality of closed concave
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functions: one has f∨∨ = cl(f), so, in particular, f∨∨ = f if f is closed ([Roc70,
Corollary 12.2.1]).

We end with a notation.

Definition 2.9. The stability set stab(f) := dom(f∨) is defined to be the effective
domain of f∨.

2.4 Legendre-Fenchel correspondence of convex de-
compositions

In the motivating example above, we saw that for a polytope P, its normal fan
ΣP can be recovered from the support function ΨP by considering its linearity
domains. In general, it becomes very interesting to study the linearity domains
of concave functions f and how this interacts with the Legendre-Fenchel dual-
ity. Here, by linearity domains, we simply mean subsets over which f is affine.

We begin by considering how to define the “gradient" of a (not necessarily
smooth) concave function using a simple example.

Example 2.10. Consider f(x) = min{x+ 1, 2x− 3}. There is no unique number
we can reasonably assign to be f ′(4), since f is not differentiable there. How-
ever, if we allow the derivative to be multi-valued, it is sensible to say that f ′(4)
“can" be any value between 1 and 2, and we simply declare the interval [1, 2] to
be its derivative at x = 4. ♢

The above example shows that concavity is a good global regularity condi-
tion to make multivalued derivatives a well-behaved notion.

Definition 2.11. Let f be a concave function on NR. Define the sup-differential
of f at u ∈ NR to be the set

(∂f)(u) = {x ∈MR | (x, v− u) ⩾ f(v) − f(u)}

if u ∈ dom(f), and ∂f(u) = ∅ otherwise. We may sometimes regard ∂f as a
multi-valued function in this way and use im(∂f) in the obvious way.

These are simply the defining functionals of the hyperplanes at u which
dominate f everywhere. If ∂f(u) ̸= ∅, we say that f is sup-differentiable at u,
and denote the collection of all such points by dom(∂f). By [Roc70, Theorem
23.4], f is sup-differentiable almost everywhere:

relint(dom(f)) ⊂ dom(∂f) ⊂ dom(f).

In the above example, we have ∂f(4) = [1, 2], while ∂f(x) = f ′(x) agrees for
x ̸= 4. In general, we have ∂f(u) = ∇f(u) if f is differentiable at u.

The simple example above becomes somewhat surprising if we notice how
∂f interacts with f∨.
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Example 2.12. It is easy to see that dom(f∨) = [1, 2]; more specifically,

f∨(α) =

{
4α− 5, 1 ⩽ α ⩽ 2
−∞, otherwise

We further compute its sup-differential for α ∈ dom(f∨).

∂f∨(α) =


[4,∞), α = 1
{4}, 1 < α < 2
(−∞, 4], α = 2

The striking feature here is that ∂f∨(α) picks out the intervals over which f
has slope α (i.e., the set of points u such that α ∈ ∂f(u)), decomposing dom(f)
into the linearity domains, as α ranges over dom(f∨).

Similarly, ∂f also gives a (trivial) decomposition of dom(f∨). ♢

This becomes slightly less miraculous if we examine more closely the rela-
tions between the sup-differential and the Legendre-Fenchel dual.

We begin by relating stab(f) = dom(f∨) to the sup-differential ∂f.

Proposition 2.13. If there exists u ∈ dom(f) such that m ∈ ∂f(u), then m ∈
stab(f). In other words, im(∂f) ⊂ stab(f).

Proof. If m ∈ ∂f(u), then for all v, f(v) − (m, v) ⩽ f(u) − (m,u), which means
that the infimum in f∨(m) = infv∈NR

(
(m, v) − f(v)

)
is attained at u. In partic-

ular, f∨(m) > −∞.

The converse is not true: for example, if f(u) = − exp(−u), then 0 ∈ stab(f),
but f ′(u) ̸= 0 for all u. However, since im(∂f∨) = dom(∂f) by Proposition 2.14
below, the almost-everywhere sup-differentiability of f∨ implies that

relint(stab(f)) ⊂ im(∂f) ⊂ stab(f).

The proof above motivates us to consider how far f(u) − (m,u) is from
achieving f∨(m) = infv∈NR

(
(m, v) − f(v)

)
. We define a pairing Pf : MR ×

NR → R by

Pf(m,u) = inf
v∈NR

(
(m, v) − f(v)

)
−
(
(m,u) − f(u)

)
= f∨(m) + f(u) − (u,m).

This has the virtue of being symmetric in f and f∨, so it interacts well with
duality. Note that Pf(m,u) ⩽ 0 by construction, and we have

Proposition 2.14. Let f be a closed concave function. Then

m ∈ ∂f(u) ⇐⇒ Pf(m,u) = 0 ⇐⇒ u ∈ ∂f∨(m).

Proof. The first equivalence follows directly from definitions, similar to the
proof of Proposition 2.13. The second equivalence follows from the first equiv-
alence and f = f∨∨.
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This implies in particular that im(∂f∨) = dom(∂f). More importantly, since
∂f∨(m) = {u ∈ NR | f(u) = (m,u) − f∨(m)}, we know that f|∂f∨(m) is an
affine function with linear part determined bym.

Hence, we have a decomposition of dom(∂f) into the linearity domains of
f:

dom(∂f) =
⋃

m∈MR

∂f∨(m).

Definition 2.15. Let f be a closed concave function on NR. Form ∈MR, write
Cm = ∂f∨(m). We denote by Π(f) the collection of all the sets Cm.

We next prove that Π(f) is a convex decomposition, as defined in Section 2.1.
We will call it the convex decomposition associated with f.

For this, we recall that the Legendre-Fenchel dual f∨ is nothing but the
support function of hypo(f).

Proposition 2.16. Let f be a closed concave function on NR. The projection
ontoNR induces a bijection between the non-vertical exposed faces of hypo(f)
and Π(f). In particular, Cm is convex, and the intersection of any two Cm and
Cm ′ is a face of both.

Proof. Note that we can rewrite

Pf(m,u) = Ψhypo(f)(m,−1) − (m,−1) · (u, f(u)).

So for a fixed m ∈ MR, the condition Pf(m,u) = 0 is equivalent to (m,−1) ·
(u, f(u)) = Ψhypo(f)(m,−1), which precisely defines a non-vertical exposed
face of hypo(f). It is clear that all non-vertical faces arise this way.

Therefore, Cm are the projections of non-vertical exposed faces of hypo(f),
and the projection ontoNR induces the claimed bijection. Since faces of convex
sets are convex, it follows that Cm is convex.

Moreover, the intersection of Cm and Cm ′ is the projection of correspond-
ing intersection of non-vertical exposed faces. Since intersection of two ex-
posed faces is again an exposed face, Cm ∩Cm ′ is a face of both.

Hence, Π(f) is indeed a convex decomposition.
The main result of this section is that Legendre-Fenchel duality of concave

functions induces a duality of convex decompositions Π(f) ↔ Π(f∨) associ-
ated to the dual pair, called the Legendre-Fenchel correspondence. We first need a
definition.

Definition 2.17. Let E ⊂ NR,E ′ ⊂ MR, and Π,Π ′ be convex decompositions
of E,E ′, respectively. A bijection Π → Π ′,C 7→ C∗ is called a duality of convex
decompositions if

1. for C,D ∈ Π, we have C ⊂ D ⇐⇒ D∗ ⊂ C∗;

2. for all C ∈ Π, the sets C and C∗ are contained in orthogonal affine sub-
spaces of NR andMR, respectively.
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Definition 2.18. Let f be a closed concave function onNR. The Legendre-Fenchel
correspondence of f is defined as

Lf : Π(f) → Π(f∨), C 7→
⋂
u∈C

∂f(u).

For this to be well-defined, we need to know
⋂

u∈C ∂f(u) is in Π(f∨). This
is provided by the following

Lemma 2.19. Let f be a closed concave function on NR, and suppose C ∈ Π(f).
Then ⋂

u∈C

∂f(u) = ∂f(u0)

for any u0 ∈ relint(C).

Theorem 2.20. The Legendre-Fenchel correspondence Lf is a duality of convex
decompositions, with the inverse given by Lf∨.

Example 2.21. Taking f = ιP to be the indicator function of a polytope P ⊂MR,
we recover the polytope-normal fan duality discussed at the beginning:

Denote by ΨP = f∨ the support function of P.
First, we have that Π(f) = Π(ιP) is simply the collection of faces of P. One

easy way to see this is by definition:

Cm = ∂ΨP(m) = {u ∈ NR | ιP(u) = 0 = (m,u) −ΨP(m)}

is the face determined by the vectorm.
Next, we can see that Π(ΨP) = ΣP by considering the regions on which ΨP

is affine, which are none other than the normal cones.
Finally, by the definition of LιP, we see that for a face F ⊂ P,

LιP(F) =
⋂
u∈F

∂ιP(u) =
⋂
u∈F

{m ∈MR | (m, v− u) ⩾ 0 ∀v ∈ P}

= ∠(F,P)∨ = σF

which precisely sends F to its normal cone σF. The last equality is by Lemma
2.6.

♢

More generally, whenever f is piecewise affine, the Legendre-Fenchel corre-
spondence can be upgraded to a duality of polyhedral complexes.

Definition 2.22. Let P,P ′ be polyhedra in NR,MR, respectively. Let Π,Π ′ be
polyhedral complexes in P,P ′, respectively. A bijection Π → Π ′,C 7→ C∗ is a
duality of polyhedral complexes if

1. for C,D ∈ Π, we have C ⊂ D ⇐⇒ D∗ ⊂ C∗;

2. for all C,D ∈ Π, if C ⊂ D, then ∠(C,D)∨ = ∠(D∗,C∗).
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Note that a duality of polyhedral complexes is in particular a duality of
convex decompositions. Indeed, by considering ∠(C,C)∨ = ∠(C∗,C∗), we
have that C and C∗ are orthogonal. Moreover, dimC+ dimC∗ = n.

Theorem 2.23. Let f be a piecewise affine concave function with P = dom(f),P ′ =
stab(f). Then Π(f),Π(f∨) are polyhedral complexes in P,P ′, respectively; and
Lf : Π(f) → Π(f∨) is a duality of polyhedral complexes. In particular, vertices
of Π(f) are in bijection with top-dimensional polyhedra in Π(f∨).

2.5 Monge-Ampère measures

We include a brief discussion of Monge-Ampère measures of concave func-
tions, which are needed in later chapters when we transport height compu-
tations toNR. In the case of piecewise affine concave functions, we will obtain
a very elegant description of Monge-Ampère measures using the Legendre-
Fenchel correspondence.

Let µ be the measure on MR associated to the differential form dx1 ∧ · · ·∧
dxn for some choice of linear coordinates (x1, . . . , xn) onMR. When (x1, . . . , xn)
is the coordinates associated to an integral basis ofM, we write µ = volM. Note
that any two integral bases differ by a unimodular change of bases, so volM
does not depend on the choice of basis; indeed, it is the unique Haar measure
onMR whereM has covolume 1.

Definition 2.24. Let f be a closed concave function on NR. We define the
Monge-Ampère measure Mµ(f) of fwith respect to µ to be such that

Mµ(f)(E) = µ(∂f(E))

for Borel sets E ⊂ NR. When µ = volM, we also write MM(f).
We sometimes write simply M(f) when the measure µ is clear from context.

Since relint(stab(f)) ⊂ im(∂f) ⊂ stab(f), the total mass of M(f) is

M(f)(NR) = µ(stab(f)).

So M(f) is a bounded measure when stab(f) is bounded.
We obtain a very simple description of M(f) when f is piecewise affine.

Proposition 2.25. Let f be a piecewise affine closed concave function. Then
M(f) is a discrete measure supported on the vertices of Π(f).

Proof. Consider any point x ∈ NR. Recall that by Lemma 2.19, ∂f(x) = Lf(C)
for any C ∈ Π(f) such that x ∈ relint(C). But by Theorem 2.23, Π(f∨) is a poly-
hedral complex, and µ(Lf(C)) ̸= 0 if and only if Lf(C) is a top-dimensional
polyhedron, which occurs if and only if C is a vertex. Therefore, M(f) is sup-
ported on vertices.
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Finally, we include the following Stokes-type formula relating Monge-Ampère
measures and Legendre-Fenchel duals. This formula is needed later in the in-
ductive proof of the local toric height formula – the central result of this expo-
sition.

Theorem 2.26. Let f : NR → R be a concave function such that D = stab(f) is
compact. Set ∂D = D \ relint(D), and

λ =

n∑
i=1

(−1)i−1xi dx1 ∧ · · ·∧ d̂xi ∧ · · ·∧ dxn

Then
−

∫
NR

f dMµ(f) = (n+ 1)
∫
D
f∨ dµ−

∫
∂D
f∨λ.
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Chapter 3

General Height Theory

Let K be a number field, and OK be its ring of integers. Let X be a variety over
K.

In this chapter, we give a rapid introduction to the adelic formulation of
Arakelov heights. In the Introduction (Chapter 1), we already discussed some
motivations for height functions and a brief history of Arakelov heights. Recall
from there that we will take the adelic viewpoint towards Arakelov heights
in this exposition, which is the more natural perspective for toric varieties. In
particular, we will not work with Gillet-Soulé setup of the pair (X,X(C)), where
p : X → SpecOK is an integral model, together with arithmetic line bundles L
on X. However, in Remark 3.25, we will discuss how to translate this data into
the adelic formalism.

Let MK be the set of places of K, i.e. the set of equivalence classes of non-
trivial absolute values on K. We would like to define heights on varieties over
K by summing up individual contributions, called local heights, from each place
v ∈ MK.

For each place v, denote by Kv the completion of K with respect to |·|v. By
Ostrowski’s Theorem for number fields, the places of K fall into two types:

1. archimedean places: these correspond to real embeddings σ : K → R or
complex embeddings σ : K → C, and the absolute value is the standard
one on R or C composed with the embedding. In this case, Kv is isomor-
phic to either R or C.

2. non-archimedean places: these are p-adic absolute values induced by the
discrete valuations corresponding to prime ideals p ⊂ OK. In this case,
Kv is a non-archimedean field with a discrete absolute value.

When K = Q, Ostrowski’s theorem says exactly that the places are the usual
real absolute value together with the p-adic absolute values.

For each v ∈ MK, write

Xv = X×Spec K Spec Kv.

16



Each Xv has an associated analytic space. If v is archimedean, this is the usual
complex analytic space, with the mild extra convention that over R one re-
members the anti-linear involution induced by complex conjugation (various
compatibilities with this involution when working over R present no substan-
tial obstacles for our exposition and will henceforth be quietly suppressed). If
v is non-archimedean, then the associated analytic space is the Berkovich ana-
lytification. We denote the resulting analytic space by Xan

v .

Interlude. In this exposition, we will for the most part treat Berkovich an-
alytic spaces as black boxes, thinking of them simply as non-archimedean
analogues of complex analytic spaces. For flavour, we now give a very
brief description of Berkovich spaces defined in [Ber90].
Let K be a non-archimedean field equipped with a non-archimedean abso-
lute value |·|. Let A be a finitely generated K-algebra. Then the Berkovich
spectrum M(A) is defined to be the set of multiplicative seminorms on
A extending the absolute value |·| on K (a seminorm is like a norm ex-
cept it may have a non-trivial kernel). This should be reminiscent of the
construction of the algebraic spectrum SpecA. Moreover, there is a map
M(A) → SpecA.
The set M(A) can be endowed with a topology and a sheaf of analytic
functions making it into a locally ringed space. Given a scheme X of finite
type over K, the local constructions M(A) glue to a locally ringed space,
which we call Xan. The above map glues to a continuous map Xan → X.

Similarly, if L is an invertible sheaf on X, then its base change Lv to Xv

induces an analytic line bundle Lan
v on Xan

v . The local height at v will be con-
structed by equipping such analytic line bundles with metrics and then inte-
grating certain functions against measures associated to these metrics.

Since the local constructions are independent of the original number field
once the completion Kv has been chosen, we now temporarily leave the global
setting. Resetting notation, let K be a field complete with respect to an absolute
value |·|, let X be a variety over K, and let L be an invertible sheaf on X. The
reader should keep in mind the motivating example

K = Kv, X = Xv, L = Lv

coming from a variety and a line bundle over the number field K.
As above, the associated analytic space Xan is either the complex analytic

space or the Berkovich analytic space depending on whether K is archimedean
or non-archimedean. In both cases, the algebraic line bundle L on X induces an
analytic line bundle Lan on Xan.

We can now define (continuous) metrics on Lan, regardless of whether K is
archimedean or non-archimedean.

Definition 3.1. A (continuous) metric on Lan is an assignment that produces a
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continuous function
∥s(·)∥ : U→ R⩾0

for any open set U ⊂ Xan and any section s of Lan over U, such that

1. these assignments commute with restrictions: i.e., ifV ⊂ U, then ∥(s|V )(·)∥
is the restriction of ∥s(·)∥ to V ;

2. for all p ∈ U, ∥s(p)∥ = 0 if and only if s(p) = 0;

3. for all p ∈ U and regular functions f on U, ∥(fs)(p)∥ = |f(p)| ∥s(p)∥.

We denote by L the pair (L, ∥·∥).

Note that |f(p)| is simply the usual absolute value of complex numbers if
K = C, while the reader should believe that there is similarly a way to assign
such absolute values on Berkovich analytic spaces.
Remark 3.2. Definition 3.1 might strike one as a strange way to define a metric,
but it is a convenient way to package continuity. Note that the above definition
in particular induces a norm-like assignment

∥·∥x : Lan
x → R⩾0

for any fibre Lan
x , defined as follows: for any v ∈ Lan

x , take a local section s
such that s(x) = v, and define ∥v∥x to be ∥s(x)∥. This is well-defined because
if we have any other s ′(x) = v, then there is a regular function f near x such
that f(x) = 1 and s ′ = fs, and so ∥s(x)∥ = ∥s ′(x)∥ by property (3) in the
definition. ▽

We next refine the notion of metrised line bundles separately in the archimedean
and non-archimedean cases.

3.1 Smooth metrics and associated measures

We begin to explore the situation more in the archimedean case. Let X be a
variety over C, and L an invertible sheaf on X. Let Xan and Lan be as above.

A metric on Lan as in Definition 3.1 is smooth if the function ∥s(·)∥2 is smooth
for any local section s of Lan.

Example 3.3. Let X = Pn
C be the complex projective space, with homo-

geneous coordinates [x0 : · · · : xn]. Let L = O(1). Recall that a global
section s ∈ H0(X,L) can be identified with homogeneous linear polyno-
mials f(x0, . . . , xn). We define the Fubini-Study metric to be such that

∥s(x)∥ =
|f(x0, . . . , xn)|
(
∑n

i=0|xi|
2)1/2

at a point x = [x0 : · · · : xn].
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Notice that the right-hand side is invariant under scaling, hence well-
defined. This definition extends uniquely to all rational sections of O(1),
by the second requirement in Definition 3.1. This metric is denoted by
∥·∥FS.
This is a smooth metric. It is also semipositive, as defined below. ♢

Remark 3.4. This definition may seem odd at first, but it is in fact rather canoni-
cal. For example, it is the unique Hermitian metric on O(1) invariant under the
unitary group U(n+ 1) (see [Huy05, Section 3.1]). ▽

Now let L be a smooth metrised line bundle. We can define a global closed
(1, 1)-form as follows: let s be a local non-vanishing section of Lan on an open
set U ⊂ Xan, and define locally

c1(L) = ∂∂ log ∥s∥2 .

This does not depend on the choice of sections s, and hence can be defined
globally on Xan. We call c1(L) the first Chern form of L. The corresponding
cohomology class does not depend on the metric.

We next define the notion of semipositive metrics, which are needed to define
local heights.

Definition 3.5. Let L be a smooth metrised line bundle, and D ⊂ C be the
closed unit disk. Then L is semipositive if, for every holomorphic map φ : D →
Xan,

1
2πi

∫
D
φ∗c1(L) ⩾ 0.

Remark 3.6. It is important that the integral is over the closed unit disk. If D
had no boundary, then, since the cohomology class of c1(L) is independent
of the metric, the integral would also be independent of the metric by Stokes’
Theorem, making the definition useless. ▽

Suppose L0, . . . ,Ld−1 are metrised line bundles on Xan, and Y ⊂ X is a d-
dimensional irreducible subvariety, we can define a signed measure on X as
follows. Suppose δY is the current of integration along Yan, given by

δY(ω) =
1

(2πi)d

∫
Yan
ω

for complex-valued smooth 2d-forms on Xan. Then we can define the current

c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY

which evaluates to

1
(2πi)d

∫
Yan
f|Yan · (c1(L0)∧ · · ·∧ c1(Ld−1))Yan
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for a smooth complex-valued function f on Xan.
So c1(L0) ∧ · · · ∧ c1(Ld−1) ∧ δY induces a signed measure on Xan. It is a

measure if L0, . . . ,Ld−1 are all semipositive.
By extending linearly, we have defined a signed measure c1(L0) ∧ · · · ∧

c1(Ld−1)∧ δY given any d-dimensional cycle Y on X, and metrised line bun-
dles L0, . . . ,Ld−1 on Xan.

3.2 Algebraic metrics and associated measures

The analogue of smooth metrics in the non-archimedean case is algebraic met-
rics. It is defined in a quite different fashion. But we will similarly study semi-
positivity and associated measures in parallel to the archimedean case.

Let K be a non-archimedean complete valued field (with a non-trivial ab-
solute value). Let K◦ = {α ∈ K | |α| ⩽ 1} be the valuation ring of K, and
K◦◦ = {α ∈ K | |α| < 1} the maximal ideal of K◦. Denote by k = K◦/K◦◦.

For this exposition, we will only need the case when K is discretely valued,
in which case K◦ is a discrete valuation ring (DVR). We will assume this is the
case from now on.

Let X be a proper variety over K, and L a line bundle on X.
Algebraic metrics on Lan are defined using models. Let S = SpecK◦. Since

K◦ is a DVR, S has two points. Denote the special point by 0 and the generic
point by η. Given a scheme X → S, let X0 = Xk = X×S Spec k be the special
fibre, and Xη = XK = X×S SpecK the generic fibre.

Definition 3.7. A model over S of X is a scheme X of finite type and flat over S,
together with a chosen isomorphism X ≃ XK. X is a proper model if X → S is
proper.

One can extend this notion to models of line bundles.

Definition 3.8. Let L be an invertible sheaf on X. A model over S of the pair
(X,L) is a triple (X,L, e), where X is a model of X as above, and L is a line
bundle on X and e ⩾ 1 an integer together with a chosen isomorphism L|X ≃
L⊗e. The model (X,L, e) is proper if X is proper. When e = 1, (X,L, e) is
shortened to (X,L).

Remark 3.9. In both definitions above, the isomorphisms are part of the data of
the model. ▽

Given a proper model (X,L, e) of (X,L), we can construct a metric on Lan,
called the metric induced by the model (X,L, e). Such metrics induced by
proper models are called algebraic metrics. The model itself is not part of an al-
gebraic metric, and different models may induce the same metric; see [BPS14,
Proposition 1.3.6].

The construction is included below for completeness and for flavour. For
unexplained terms, refer to [BPS14, Section 1.2] for details.
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Construction 3.10. Let (X,L, e) be a proper model of (X,L). Let s be a local
section of Lan defined around p ∈ Xan. Let U ⊂ X be a trivialising open set for
L containing the image red(p) of p along the reduction map

red : Xan → X0.

Let σ be a generator of L|U, and let U = U ∩ Xη ⊂ X. Then by assumption,
there exists a regular function λ ∈ OUan(Uan) such that s⊗e = λσ. Then the
metric ∥·∥X,L,e is defined by

∥s(p)∥X,L,e = |λ(p)|1/e.

It can be shown that this does not depend on the choices made.

We next turn to the notion of semipositivity.

Definition 3.11. Let (X,L) be as before. A proper model (X,L, e) is said to be a
semipositive model if for every curve C ⊂ X contained entire in the special fibre
X0, we have degL C ⩾ 0.

A metrised line bundle L is said to have a semipositive model if there exists a
semipositive model inducing its metric.

Example 3.12. Let X = Pn
K and L = O(1). We will state, but not prove, the

algebraic metric given by the model X = Pn
K◦ ,L = OPn

K◦ (1), e = 1. Given
a section s ∈ H0(X,L) represented by a homogeneous linear polynomial
f(x0, . . . , xn), the model induces the canonical metric, given by

∥s(x)∥ =
|f(x0, . . . , xn)|

maxi|xi|

at a point x = [x0 : · · · : xn] ∈ (Pn
K)

an (I have not defined for you what
these absolute values are in the non-archimedean setting). This metric is
denoted by ∥·∥can.
The model turns out to be semipositive, essentially because O(1) is ample.

♢

Finally, given a sequence of metrised line bundles with algebraic metrics
and a cycle, we can again associate a signed measure on Xan.

Definition 3.13. Suppose L0, . . . ,Ld−1 are metrised line bundles with algebraic
metrics on Xan, and Y is a d-dimensional cycle on X. Then we can again define
a signed measure on Xan, denoted by

c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY .

The notation is purely formal and to emphasise the parallel with the archimedean
case; we are not claiming the existence of differential forms or currents in the
present setting.
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We omit the specific construction and refer the reader to [BPS14, Definition
1.3.15]. We remark that this measure is a discrete measure, supported on vari-
ous points to be thought of as generic points of some sort which are related to
Y.

3.3 Local heights from metrics

In this section, K is either a complete archimedean field or a discretely valued
complete non-archimedean field, as considered in the previous two sections,
and X is a proper variety over K, and L is a line bundle on X.

Given two metrics on Lan, it is not hard to define a distance between them
(see [BPS14, Section 1.4]), so we can speak of convergence of metrics on Lan.

We next define semipositive metrics on Lan via a limiting process.

Definition 3.14. A metric ∥·∥ is said to be semipositive if there exists a sequence
(∥·∥l)l∈N of semipositive smooth metrics (if K is archimedean) or algebraic
metrics with semipositive models (if K is non-archimedean) on Lan such that
∥·∥l → ∥·∥.

If ∥·∥ is semipositive, we also say that L is semipositive. If there are semi-
positive line bundles M,N such that L = M⊗N−1, then we say L is DSP (for
“difference of semipositive"). In the literature, DSP is also called admissible.

Note that there is no reason for the limit of smooth or algebraic metrics to
be again smooth or algebraic, so this is genuinely a new definition. If a metric
is smooth, then the present definition of semipositivity agrees with the original
definition. For algebraic metrics, having semipositive model trivially implies
semipositive; but conversely, it is not known whether a semipositive metric
which happens to be algebraic has a semipositive model.

Example 3.15. We have seen that ∥·∥can is an algebraic metric with a semi-
positive model on Pn

K when K is non-archimedean. The same formula

∥s(x)∥ =
|f(x0, . . . , xn)|

maxi|xi|

also defines a metric on Pn
C , also called the canonical metric. In this case,

this metric is not smooth, but it is the limit of semipositive smooth metrics
∥·∥m given by

∥s(x)∥m =
|f(x0, . . . , xn)|

(
∑n

i=0|xi|
2m)1/2m .

♢

The measures associated to smooth metrised line bundles or metrised line
bundles with semipositive models, considered in the previous sections, behave
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well with respect to the limiting process ([BPS14, Proposition 1.4.5]). This gives
us the following.

Definition 3.16. Suppose L0, . . . ,Ld−1 are semipositive metrised line bundles
on Xan, and Y is a d-dimensional cycle on X. Then we can define a signed
measure on Xan, denoted by

c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY .

This definition extends to DSP line bundles multilinearly.

Local heights are defined inductively on dimensions. We need the follow-
ing notion of transversality.

Definition 3.17. Let Y be a d-dimensional cycle of X, and (Li, si)0⩽i⩽d be a
collection of line bundles with rational sections. Then s0, . . . , sd are said to meet
Y properly if, for any I ⊂ {0, . . . ,d},

Y ∩
⋂
i∈I

|div(si)|

has pure dimension d− |I| (by convention, dim∅ = −1).

Now we are ready to define local heights.

Definition 3.18. The local height on X is a function that associates a real number
hL0,...,Ld

(Y; s0, . . . , sd) to every d-cycle Y on X and each collection (Li, si)0⩽i⩽d

of DSP line bundles with rational sections meeting Y properly, defined induc-
tively on d as follows:

1. hL0
(∅) = 0

2. if d ⩾ 0, then

hL0,...,Ld
(Y; s0, . . . , sd) = hL0,...,Ld−1

(Y · div(sd); s0, . . . , sd−1)

−

∫
Xan

log ∥sd∥ c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY .

It is very useful to keep in mind that for a single pair (L, s) and p ∈ X, the
height of p is simply

hL(p; s) = − log ∥s(p)∥ .

A few remarks about this definition are in order. Firstly, note that by the
definition of proper intersections above, the condition is indeed satisfied for
the inductive case: i.e., we indeed have s0, . . . , sd−1 meeting Y · div(sd). Here,
Y · div(sd) is the (d− 1)-cycle formed by taking the divisor of sd|Y , which is
well-defined because sd meets Y properly.

Secondly, the integral is indeed well-defined with respect to the given mea-
sure, despite log ∥sd∥ having some logarithmic poles along div(sd). This is
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not trivial; see [BPS14, Theorem 1.4.10] for details. We remark that div(sd)
has measure zero, as one may reasonably expect from the proper intersection
condition.

Thirdly, if Y is projective, then sections s0, . . . , sd intersecting Y properly can
always be found, due to the Moving Lemma from intersection theory.

Finally, sometimes we may only care about the height of a closed point
x ∈ X, given (L0, s0). Then the simplest case of the above definition applies,
and we have that as long as x /∈ |div(s0)|,

hL0
(x; s0) = − log ∥s0(x)∥ .

3.4 Global heights

We now return to the case of defining global heights of a variety over Q by syn-
thesising the inputs from local heights. While we keep this case over Q in mind,
the correct generality to work in for our current setup is adelic fields and can be
stated without much extra effort.

Let K be a field and M a collection of pairs (|·|v,nv), where |·|v is an absolute
value on K and nv ∈ R>0 is called the weight of the absolute value. Such a pair
(|·|v,nv) ∈ M is called a place and denoted by v.

Definition 3.19. The pair (K,M) is called an adelic field if

1. Every absolute value |·| in M is either archimedean or associated to a non-
trivial discrete valuation (hence non-archimedean);

2. for each α ∈ K×, |α|v = 1 except for a finite number of places v.

We denote by Kv the completion of K with respect to |·|v. As in the number
field case discussed at the start of this chapter, Kv is R, C, or a non-archimedean
discretely valued field.

We define the defect map to be the group homomorphism def : K× → R

given by
def(α) =

∑
v∈M

nv log|α|v.

The subgroup def(K×) ⊂ R is the ambiguity global heights will be defined
up to, and we say R/def(K×) is the group of global heights of K. If def(α) = 0
for all α ∈ K, we say that K satisfies the product formula. In this case, global
heights will be real numbers.

Let MQ be the collection of the real absolute value and the p-adic absolute
values (where as usual |p|p = p−1), with all nv = 1. Then (Q,MQ) is an adelic
field satisfying the product formula.

The following definition makes finite extensions of adelic fields into adelic
fields.
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Definition 3.20. Let (K,M) be an adelic field, and F/K a finite extension. Let
MF be the set of absolute values |·|w which extend |·|v for some v ∈ M. We set

nw =
[Fw : Kv]

[F : K]
nv.

Then (F,MF) is an adelic field, called an adelic field extension of (K,M).

Adelic field extensions preserve the product formula. In particular, all num-
ber fields (finite extensions of Q) are adelic fields satisfying the product for-
mula. For any smooth projective curve C over a field k, there is also a way
of making its function field K(C) and any finite extension of K(C) into adelic
fields which satisfy the product formula.

Definition 3.21. Number fields and finite extensions of K(C) as in the last para-
graph are called global fields. In particular, global fields satisfy the product for-
mula.

We will now define global heights. To simplify the definition, let (K,M) be
an adelic field, and let X be a projective variety over K, and L a line bundle on
X. More generally, this can be done for proper varieties X, by instead passing
to birational projective models of X or of the subvarieties Y ⊂ X considered
below.

For each v ∈ M, let Xv = X×K Spec Kv, and let Lv be the pullback of L
to Xv. A metric on L is a choice of metric ∥·∥v on Lan

v for each v ∈ M. Denote
by L = (L, (∥·∥v)v) the pair L together with this family of metrics. L is called
semipositive (resp. DSP) if all ∥·∥v are semipositive (resp. DSP).

Let Y be a d-dimensional cycle on X, and (Li, si)0⩽i⩽d DSP line bundles
on X with rational sections meeting Y properly. Since we assumed X to be
projective, such sections always exist. We write

hv,L0,...,Ld
(Y; s0, . . . , sd) = hL0,v,...,Ld,v

(Yv; s0,v, . . . , sd,v),

where the right-hand side is the local height defined in the last section with
rational sections si,v induced from si.

We would like to define the global height hL0,...,Ld
(Y; s0, . . . , sd) by∑

v∈M

nv hv,L0,...,Ld
(Y; s0, . . . , sd). (∗)

But a priori, this is not a finite sum, hence not well-defined. But in the
following case, it is well-defined.

Definition 3.22. Let X, Y be as above. We say that Y is integrable with respect to
L0, . . . ,Ld if there exists rational sections si of Li meeting Y properly such that

hv,L0,...,Ld
(Y; s0, . . . , sd) = 0

for all but finitely many v ∈ M.

25



Next, we show that integrability can be detected with any choice of sections
si meeting Y properly.

Proposition 3.23. Given rational sections si of Li meeting Y properly such that

hv,L0,...,Ld
(Y; s0, . . . , sd) = 0

for all but finitely many v ∈ M, then the same holds for any other rational
sections s ′i of Li meeting Y properly.

Proof. By [BPS14, Theorem 1.4.17, (3)], there exists a constant β in K× not de-
pending on v such that

hv,L0,...,Ld
(Y; s0, . . . , sd) − hv,L0,...,Ld

(Y; s ′0, . . . , s ′d) = log|β|v.

Now, by the second axiom of adelic fields, log|β|v = 0 for all but finitely
many places v. The result follows.

Now suppose Y is an integrable d-dimensional cycle. Then we may define
hL0,...,Ld

(Y; s0, . . . , sd) by (∗) above, which is now a finite sum. Furthermore, the
above proof shows that for any other sections s ′d meeting Y properly, there is
β ∈ K×

hL0,...,Ld
(Y; s0, . . . , sd) − hL0,...,Ld

(Y; s ′0, . . . , s ′d)

=
∑
v∈M

nv log|β|v ∈ def(K×).

Definition 3.24. For an integrable d-cycle Y, we can thus define its global height
hL0,...,Ld

(Y) to be the class of any hL0,...,Ld
(Y; s0, . . . , sd) in R/def(K×).

In particular, if (K,M) satisfies the product formula (for example, if K is a
global field), then hL0,...,Ld

(Y) is a well-defined real number.
So far, we have imposed no compatibility conditions on the family of met-

rics ∥·∥i,v on Li,v at different places. We finish the review of height theory by
discussing a compatibility condition which makes all cycles integrable.

Let (K,M) be a global field. Let S ⊂ M be a finite subset including all the
archimedean places. Denote by K◦

S the subring of K consisting of elements
α ∈ K for which |α|v ⩽ 1 for all v /∈ S. Note that K◦

S ⊂ K◦
v for all v /∈ S.

Let X be a proper variety over K with a line bundle L. Recall that Xv and
Lv denote the localisation of X and L at the place v. We say that a metric on L
is quasi-algebraic if there exists a finite subset S ⊂ M including all archimedean
places and a proper model (X,L, e) of (X,L) over K◦

S such that the metric ∥·∥v
on Lv is induced by the localisation of this model for every v /∈ S. Here, a
proper model (X,L, e) is defined in an analogous fashion as in Definitions 3.7
and 3.8. Note that the pullback (X×Spec K◦

S
Spec K◦

v,L×Spec K◦
S

Spec K◦
v, e) is a

proper model of (Xv,Lv) for all v /∈ S, in the sense of Definition 3.8.
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Remark 3.25. If S contains only the archimedean places, and e = 1, then we
recover the Gillet-Soulé setup. In other words, given a proper model p : X →
SpecOK of X and arithmetic line bundles L on X, we can define global heights
using the current formalism. ▽

Global heights with respect to quasi-algebraic metrics over global fields are
well-defined real numbers for all cycles.

Theorem 3.26. Let K be a global field and X a proper variety over K of dimen-
sion n. Then for all d ⩽ n and metrised line bundles L0, . . . ,Ld with quasi-
algebraic metrics, any d-dimensional cycle Y on X is integrable with respect to
L0, . . . ,Ld.

Example 3.27. We put this theorem and the above remark into context by
returning to the guiding example of Pn

Q. Let L = O(1). To define a global
height on Pn

Q, choose S to contain only the place at ∞. Then Q◦
S = Z.

Then (Pn
Z,O(1), e = 1) is a proper model for Pn

Q over Z; this determines
algebraic metrics at all the non-archimedean places, which are the canoni-
cal metrics defined in Example 3.12. We choose the Fubini-Study metric at∞ (Example 3.3). This data together makes L into a metrised line bundle
on Pn

Q.
Therefore, the above theorem tells us that we can define the heights of
any cycle on Pn

Q. We shall return to the toric computation of this global
height in Chapter 5. ♢
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Chapter 4

Toric Metrics

In this chapter, we begin to explore metrised line bundles on toric varieties.
Let Σ be a fan, and XΣ be the associated toric variety. Let L = O(DΨ) be a

toric line bundle equipped with a metric ∥·∥ on Lan. Our goal in this section
is to define and study an appropriate notion of what it means for ∥·∥ to be
torus-invariant.

As we will discuss more later, we will require the metric ∥·∥ to be invariant
not under the action of the entire analytic torus Tan, but under the action of the
compact torus, defined in both archimedean and non-archimedean cases as

S = {p ∈ Tan | |χm(p)| = 1 ∀m ∈M}.

In the archimedean case, the analytic torus Tan is simply (C×)n, and S is
simply the set of points whose coordinates all have absolute values equal to 1.

Therefore, we will be mainly concerned with S-actions throughout. This
leads us to consider the variety with corners associated toΣ, denoted byXΣ(R⩾0).
In the archimedean case, this turns out to be precisely the set of S-orbits of Xan.
We will find it very fruitful to characterise metrics on toric varieties through
XΣ(R⩾0).

4.1 The variety with corners

Recall that the C-points of the affine toric varietyUσ associated to a cone σ ∈ Σ
can be described as

Uσ(C) = Homsg(Mσ, (C,×)),

whereMσ = σ∨ ∩M.
Similarly, we now define

Uσ(R⩾0) = Homsg(Mσ, (R⩾0,×)),

where mapping into R⩾0 gives it a natural topology inherited from the Eu-
clidean topology on R⩾0. Equivalently, it is the coarsest topology which makes
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all evaluation maps at m ∈ Mσ continuous, that is, the maps γ 7→ γ(m) for
γ ∈ Uσ(R⩾0).

The same proof in the algebraic case shows that the inclusion of a face τ ⊂
σ induces the inclusion Uτ(R⩾0) ⊂ Uσ(R⩾0) as an open set. Therefore, the
topological spacesUσ(R⩾0) glue to define a topological space, which we define
to be the variety with corners XΣ(R⩾0) associated to Σ.

Similar to the algebraic case where U0 = T associated to the cone at the
origin is the torus, in this case we have

T(R⩾0) := U0(R⩾0) = Homsg(M, (R⩾0,×)) ≃ (R>0)
n.

This is a group acting naturally on XΣ(R⩾0). More explicitly, given θ ∈ T(R⩾0)
and γ ∈ Uσ(R⩾0), we define θ · γ ∈ Uσ(R⩾0) = Homsg(Mσ, (R⩾0,×)) by

(θ · γ)(m) = θ(m) · γ(m), (4.1)

for allm ∈Mσ.
We next define a map ρΣ from the analytic toric variety Xan

Σ to this variety
with corners XΣ(R⩾0).

In the archimedean case, for each cone σ ∈ Σ, we have Uan
σ = Uσ(C) =

Homsg(Mσ, (C,×)), and we simply compose with the absolute value to obtain
a map

ρσ : Uan
σ = Homsg(Mσ, (C,×))

|·|−→ Homsg(Mσ, (R⩾0,×)) = Uσ(R⩾0).

In the non-archimedean case with field K, the points p inUan
σ correspond to

multiplicative seminorms on K[Mσ]. Denote the seminorm corresponding to
p by ∥·∥p, and recall that we often denote ∥χm∥p by |χm(p)|. Then we define
ρσ(p) ∈ Uσ(R⩾0) = Homsg(Mσ, (R⩾0,×)) to be the semigroup homomor-
phism sending χm 7→ |χm(p)|.

In both the archimedean and non-archimedean cases, the maps ρσ glue to
give a continuous map

ρΣ : Xan
Σ → XΣ(R⩾0).

We can restrict our attention to the torus and consider the map ρ0 : Tan →
T(R⩾0). Note that T(R⩾0) is naturally isomorphic to NR via the exponen-
tial and logarithmic maps: Recall that T(R⩾0) = Hom(M, R⩾0) and NR =
Hom(M, R). Define log : T(R⩾0) → NR by

Hom(M, R⩾0) → Hom(M, R), φ 7→ (− log) ◦φ,

define exp : NR → T(R⩾0) by

Hom(M, R) → Hom(M, R⩾0), φ 7→ exp ◦(−φ).

These are inverses of each other. Although we overload the meanings of exp
and log, it should be clear from context which is intended. They fit into the
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following commutative diagram, where val is defined to be the composition
log ◦ρ0.

Tan

T(R⩾0) NR

ρ0
val

log

exp

To the fan Σ, we can also construct topological space NΣ ⊃ NR that can
be viewed as a partial compactification of NR, such that NΣ is compact if Σ is
complete. The map exp : NR → T(R⩾0) defined above can be extended to a
homeomorphism exp : NΣ

∼−→ XΣ(R⩾0). Similarly, log and val also extend to
log : XΣ(R⩾0)

∼−→ NΣ and val : Xan
Σ → NΣ.

These are the only facts we will use aboutNΣ; for details of the construction,
see [BPS14, Section 4.1].

4.2 Analytic toric actions

Recall that we defined the compact torus S ⊂ Tan to be

S = {p ∈ Tan | |χm(p)| = 1 ∀m ∈M}.

In the archimedean case, recalling the Tan-action on Xan
Σ = XΣ(C) and the

T(R⩾0)-action on XΣ(R⩾0) (the latter described in 4.1), we see that the map
ρΣ : XΣ(C) → XΣ(R⩾0) defined in the last section is torus-invariant: for all
t ∈ Tan ≃ (C×)n and p ∈ XΣ(C),

ρΣ(t · p) = ρΣ(t) · ρΣ(p).

Note that since ρΣ(Tan) ⊂ T(R⩾0) by construction, the right-hand side is
well-defined.

Moreover, by definition, ρΣ(s) = 1 for any s ∈ S, so ρΣ(s · p) = ρΣ(p). It
moreover follows from the definition of (C×)n-action on XΣ(C) that

S · p = ρ−1
Σ (ρΣ(p)),

and the S-orbits of XΣ(C) are simply the fibres of ρΣ, as promised.
We will be interested in integrating over S-orbits, so let us remark that since

S ≃ (S1)n is a compact topological group, it admits a Haar measure of total
volume 1.

The non-archimedean case is much more subtle. We will not go into a de-
tailed discussion, but will give some highlights of what will be useful later on.

Let K be a non-archimedean field. In what follows, everything is assumed
to be over K. Let G be an analytic group. The action of G on an analytic space
X is defined as a morphism

µ : G×X→ X,
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where G×X is the product in the category of analytic spaces over K.
Much like in an algebraic group scheme, the underlying topological points

of G themselves do not form a group. Similarly, we cannot speak of µ(g,p),
since G× X is not equal to the set-theoretic product G×Set X. However, there
is a projection pr : G×X→ G×Set X, and we can define

g · p = µ(pr−1(g,p)).

However, now g · p ceases to be a point and is instead a set of points in X.
But we can isolate a distinguished point g ∗ p in the set g · p, if either g ∈ G or
p ∈ X is peaked.

We will not define the property of being peaked.

Fact 4.1. Rational points of an analytic space are peaked. If either g ∈ G or
p ∈ X is peaked, then g ∗ p is peaked.

We now return to the case of the Tan-action on Xan
Σ . We also have the torus-

equivariance of ρΣ in the non-archimedean case.

Proposition 4.2. Let t ∈ Tan,p ∈ Xan
Σ . Then

ρΣ(t · p) = ρΣ(t) · ρΣ(p).

In particular, ρΣ collapses the set t · p to a singleton.

The compact torus S ⊂ Tan is an analytic group whose underlying topo-
logical space is compact. However, it is not a topological group, so we cannot
directly apply the theory of compact topological groups to obtain a Haar mea-
sure on S. Instead, we will identify a special point ζ ∈ S, called the Gauss
point, which can be thought of as the “generic point" of S; and use the Dirac
delta measure δζ centred at ζ in place of the Haar measure.

Definition 4.3. The Gauss norm on K[M] is defined by∥∥∥∑amχ
m
∥∥∥ = max|am|.

This is a multiplicative norm extending the absolute value on K, and so it cor-
responds to a point ζ ∈ Tan.

The following properties of the Gauss point illustrate why it can be thought
of as the “generic point" of S.

Proposition 4.4. The Gauss point ζ is peaked, and s ∗ ζ = ζ for any s ∈ S.
Moreover, ζ · ζ = S.

In the non-archimedean case, we similarly expect the S-orbits are given by
the fibres of ρΣ:

S · p = ρ−1
Σ (ρΣ(p)).

By the torus-equivariance of ρΣ (Proposition 4.2), we have S ·p ⊂ ρ−1
Σ (ρΣ(p)).

To show the other inclusion, we need to better understand the fibres of ρΣ.
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Since we expect the fibres to be of the form S · p, we may expect to find a
point on each fibre with properties similar to those of the Gauss point ζ. The
action by that point will allow us to connect different points on a fibre by an
S-action.

Indeed, this is the case.

Proposition 4.5. There exists a continuous section of ρΣ, denoted

θΣ : XΣ(R⩾0) → Xan
Σ ,

such that ρΣ(γ) is peaked for all γ ∈ XΣ(R⩾0). Denoting its restriction to the
group T(R⩾0) = U0 by θ0, we have θ0(1) = ζ.

We moreover have the following properties analogous to Proposition 4.4.

Proposition 4.6. Suppose t ∈ Tan,p ∈ Xan
Σ , and τ ∈ T(R⩾0),γ ∈ XΣ(R⩾0).

Then

t ∗ θΣ(γ) = θΣ(ρΣ(t) · γ),
θ0(τ) ∗ p = θΣ(τ · ρΣ(p)).

Now we can prove S · p ⊃ ρ−1
Σ (ρΣ(p)). Suppose ρ(p) = ρ(q) = γ. Then

θΣ(1 · ρ(p)) = θΣ(1 · ρ(q)), so by the second equation above, we have θΣ(γ) =
ζ ∗ p = ζ ∗ q. So S · p∩ S · q ̸= ∅, whence q ∈ S · q = S · p.

We have proven

Proposition 4.7. Let K be a non-archimedean field, and p ∈ Xan
Σ . Then

S · p = ρ−1
Σ (ρΣ(p)).

4.3 Toric metrics

We now want to define toric metrics as the class of continuous metrics which
are invariant under the S-actions. First we recall some basic facts about divisors
and line bundles on toric varieties.

Let Σ be a complete fan, and XΣ be the associated complete toric variety.
Recall that T-Cartier divisors (i.e. those invariant under T-actions) on XΣ are
classified by virtual support functionsΨ on Σ. A virtual support functionΨ : |Σ| =
NR → R is a piecewise linear function on |Σ| such that for each σ ∈ Σ, there
existsm(σ) ∈M such that Ψ|σ = m(σ)|σ. The corresponding T-Cartier divisor
DΨ = {(χ−m(σ),Uσ)}σ∈Σ is given by the rational function χ−m(σ) on the affine
open set Uσ. Two Cartier divisors DΨ and DΨ ′ are linearly equivalent if and
only if there existsm ∈M such that Ψ = Ψ ′ +m.

The Cartier divisor DΨ gives rise to a line bundle O(DΨ) ⊂ KXΣ
generated

by χm(σ) on Uσ. Here, KXΣ
is the constant sheaf of rational functions on XΣ.

The element 1 ∈ KXΣ
corresponds to a distinguished rational section, denoted

sΨ, of O(DΨ) such that div(sΨ) = DΨ.
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The excision sequence of class groups implies that any line bundle L on XΣ

is isomorphic to some O(DΨ) ([Ful93, Proposition 3.4]). A rational section s of
L is called a toric section if div(s) is a T-Cartier divisor.

Definition 4.8. Let L = (L, ∥·∥) be a metrised line bundle on XΣ. The metric ∥·∥
is a toric metric if for any toric section s, the function

Tan → R⩾0, p 7→ ∥s(p)∥

is constant along fibres of ρΣ. Hence its logarithm factors through a map
ψ∥·∥ : NR ≃ T(R⩾0) → R.

Definition 4.9. Let L = (L, ∥·∥) be a metrised line bundle on XΣ equipped with
a toric metric ∥·∥. Choose DΨ such that L ≃ O(DΨ). Then we can define a
function ψ∥·∥ : NR → R by

ψ(u) = log ∥sΨ(p)∥ .

Here, p is any point in the fibre ρ−1
Σ (exp(u)).

To avoid confusion, we have a minor but important remark.
Remark 4.10. As stated, the definition of ψ∥·∥ not only depends on ∥·∥ but also
on the choice of Ψ such that O(DΨ) ≃ L. If this ambiguity arises, we may
write ψL,Ψ in place of ψ∥·∥. But we shall often simply present a line bundle
L in the form of O(DΨ), in which case this Ψ (instead of another Ψ ′ for which
O(DΨ) ≃ O(D ′

Ψ)) is the obvious and tacit choice of Ψ for the above definition
of ψ∥·∥. ▽

The main result of this section is

Theorem 4.11. Let L = O(DΨ) be a line bundle on XΣ. The assignment ∥·∥ 7→
ψ∥·∥ gives a bijection between the toric metrics ∥·∥ on L and continuous func-
tions ψ : NR → R such that ψ−Ψ extends to a continuous function on NΣ.

Proof. First, we show that given a toric metric ∥·∥, the function ψ = ψ∥·∥ as
defined above satisfies the required extension property. Recall that L = O(DΨ)
is equipped with a distinguished toric section sΨ such that div(sΨ) = DΨ. Re-
call also that if Ψ is defined by the character m(σ) ∈ M on the cone σ, then
DΨ|Uσ

= divK(XΣ)(χ
−m(σ)). Here, we use the subscript K(XΣ) to emphasise

that this is the divisor of a rational function, rather than of a section of any line
bundle.

Combining the two, we know that div(χm(σ)sΨ)|Uσ
= 0, so that χm(σ)sΨ

is a regular and non-vanishing toric section of O(DΨ) on Uσ. Therefore, for

p ∈ Uan
σ ,

∥∥∥χm(σ)sΨ(p)
∥∥∥ is a well-defined number, whilst for p ∈ Tan,∥∥∥χm(σ)sΨ(p)

∥∥∥ = |χm(σ)(p)| ∥sΨ(p)∥

log
∥∥∥χm(σ)sΨ(p)

∥∥∥ = log|χm(σ)(p)|+ log ∥sΨ(p)∥

= −(m(σ),u) +ψ(u)
= (ψ−Ψ)(u),
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where in the penultimate equality we recalled that the map NR → T(R⩾0) is
given by u 7→ exp(−u), and so |χm(σ)(p)| = exp(−(m(σ),u)).

In particular, this shows that (ψ−Ψ)(u) extends to a function on Nσ, com-
pleting the proof of the first direction.

The proof of the other implication is omitted.

From this correspondence, there is a natural metric one can put on L =
O(DΨ): namely, the metric ∥·∥ such that ψ∥·∥ = Ψ.

Definition 4.12. The canonical metric on L = O(DΨ), denoted ∥·∥can, is the met-
ric such that ψ∥·∥can

= Ψ. It satisfies

∥sΨ(p)∥ = exp(Ψ(u)).

Despite Remark 4.10, the canonical metric ∥·∥can genuinely does not depend
on the choice of DΨ representing L: if L = O(DΨ) ≃ O(DΨ ′), then requesting
ψL,Ψ = Ψ and ψL,Ψ ′ = Ψ ′ defines the same metric on L. This is because if
Ψ ′ = Ψ+m for some m ∈ M, then sΨ ′ = χmsΨ, and so requiring ∥sΨ(p)∥ =
exp(Ψ(u)) and ∥sΨ ′(p)∥ = exp(Ψ ′(u)) are the same.

We will write Lcan
= (L, ∥·∥can) for L equipped with the canonical metric.

In the next section, we will learn that ∥·∥can is semipositive when Ψ is con-
cave; equivalently, when O(DΨ) is globally generated. It is in general not
smooth (over archimedean fieldsK). But it is algebraic, whenK is non-archimedean:
its model is given by a toric scheme over the DVR K◦. Toric schemes provide a
natural class of models for toric metrics, called toric models, and there is a
beautiful polyhedral-geometric classification of toric metrics and toric models
in terms of recession functions and recession fans (see [BPS14, Section 4.5]).

While we do not have the space to develop the theory of toric models, we
can give an explicit computation to show that the canonical metric on (Pn

K,O(1)),
which was algebraic by definition, is a canonical metric in the present sense.

Example 4.13. Let X = Pn
K,L = O(1). Recall from toric geometry that the

polytope giving rise to X is the n-simplex ∆ = conv(0, e1, . . . , en), where
e1, . . . , en is the standard basis of M. Let Ψ = Ψ∆ be the support function
of ∆. Then O(DΨ) = O(1).
For notational simplicity, assume n = 2. Then Ψ is the piecewise affine
function defined by 0, e1, e2, respectively, in the three 2-dimensional cones
as shown below.
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ρ1 = (1, 0)

ρ2 = (0, 1)

ρ0 = (−1,−1)

Ψ = 0
Ψ = e1

Ψ = e2

0

The divisor DΨ can be computed by evaluating Ψ against the primitive
generators of the three rays, and we find DΨ = H0, where the hyper-
planes H0,H1,H2 correspond to the rays ρ0, ρ1, ρ2.
Choose coordinates [x0 : x1 : x2] on P2 such that V(xi) = Hi. Then
sΨ = x0. Now, the canonical metric on X as defined in Example 3.27 gives

∥sΨ(x)∥can =
|x0|

maxi|xi|
.

Remembering ψ∥·∥can
(u) = log ∥sΨ(x)∥can and using log : Xan → NR on

the right-hand side as discussed in Section 4.1 (noting the minus sign),
we get a piecewise linear function ψ∥·∥can

on NR, which is none other
than Ψ! ♢

4.4 Semipositive toric metrics

Our next goal is to examine the above correspondence in the case of semiposi-
tive metrics.

Let notations be as in the previous section. Let L = O(DΨ) be equipped
with a toric metric ∥·∥ on XΣ. Recall that for each toric metric ∥·∥ on L, we can
associate a function ψ∥·∥ : NR → R.

Then the bijection given in the previous section can be refined as follows.

Theorem 4.14. The assignment ∥·∥ 7→ ψ = ψ∥·∥ is a bijection between semipos-
itive toric metrics and concave functions on NR such that ψ−Ψ is bounded on
NR.

Remark 4.15. The earlier condition on ψ−Ψwas that it extends to a function to
NΣ. This turns out to be equivalent to the boundedness condition here once ψ
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is concave. ▽

To prove Theorem 4.14, we start by understanding better semipositive met-
rics which are themselves smooth or algebraic.

The archimedean case is a computation.

Proposition 4.16. Let ∥·∥ be a smooth toric metric on L. Then ∥·∥ is semipositive
if and only if ψ∥·∥ is a concave function.

Proof Sketch. This comes down to a coordinate computation on the analytic
torus Tan ⊂ Xan.

Suppose z1, . . . , zn are complex coordinates on Tan. Then one can compute

1
2πi

c1(L) =
i

π

∑
i,j

∂2g

∂zi∂̄zj
dzi ∧ dzj,

where g = − log ∥s(z)∥.

Then ∥·∥can is semipositive if and only if the matrixG =
(

∂2g
∂zi∂̄zj

)
is positive

semi-definite.
But letting u1, . . . ,un be the coordinates on NR corresponding to z1, . . . , zn

via the log map in Section 4.1, we have that ψ is concave if and only if

H = Hess
(
∂2ψ

∂uiūj

)
is negative semi-definite.

The two semi-definiteness conditions on the matrices are equivalent, once
one unwinds the definitions. See [BPS14, Proposition 4.4.1] for details.

We have the analogous result in the non-archimedean case.

Proposition 4.17. Let ∥·∥ be a toric metric on Lwith a semipositive model. Then
ψ∥·∥ is a concave function. Moreover, recψ = Ψ.

This is more difficult to prove, and we will omit the proof. The main dif-
ficulty is that a priori we have little control over which models the algebraic
metric is induced from, so semipositivity is a somewhat elusive condition.

Using the above characterisations of smooth and algebraic semipositive
metrics (Propositions 4.16 and 4.17), we can prove Theorem 4.14, by passing
the above results to the limit.

Proof Sketch of Theorem 4.14. Suppose ∥·∥ is a semipositive toric metric, andψ =
ψ∥·∥. The boundedness of ψ − Ψ follows immediately from the extension of
ψ−Ψ to a continuous function on the compact set NΣ by Theorem 4.11.

We now show ψ is concave. By definition, there is a family of metrics
∥·∥l → ∥·∥, where each ∥·∥l is smooth and semipositive (in the archimedean
case) or has a semipositive model (in the non-archimedean case). By an aver-
aging process, we may take ∥·∥l to be toric.
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Set ψl = ψ∥·∥l . Then by Propositions 4.16 and 4.17, ψl is concave on NR.
Then ψ is also concave because ∥·∥l → ∥·∥ implies that ψl → ψ uniformly.

The converse requires more than we had time to build and we can only give
a brief sketch. Given a concave function ψ on NR such that ψ−Ψ is bounded,
the proof constructs a sequence of piecewise affine concave functions ψl such
that ψl → ψ uniformly. Next, we use that piecewise affine concave functions
always correspond to semipositive metrics ([BPS14, Proposition 4.3.22]). Inter-
estingly, in both the archimedean and non-archimedean cases, this is proven
independently of the above Propositions 4.16 and 4.17; instead, it was by ex-
hibiting such metrics as inverse images of the canonical metrics on projective
spaces, which are semipositive.

Now take ∥·∥ , ∥·∥l to be the metrics corresponding to ψ,ψl. Then ∥·∥ =
liml→∞ ∥·∥l is the limit of semipositive metrics, and so is semipositive.

4.5 Associated measures of toric metrics

Let Σ be a complete fan and let (XΣ,DΨ) be as before. Let L = (O(DΨ), ∥·∥) be
a metrised toric line bundle equipped with a toric metric.

Recall from Chapter 3 that to define the height of a d-dimensional cycle Y
on XΣ with respect to metrised line bundles L0, . . . ,Ld−1, we need to integrate
against the measure c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY .

It suffices, for the main results of this exposition, to consider the case Y =
XΣ, and L0, . . . ,Ln−1 = L. So

c1(L0)∧ · · ·∧ c1(Ld−1)∧ δY = c1(L)
∧n ∧ δXΣ

.

Since Xan
Σ \ Tan to has measure zero with respect to c1(L)

∧n ∧ δXΣ
, for the

purpose of height computations, it makes sense to restrict our attention to Tan

and ask how we can transport the height computation to NR via val : Tan →
NR.

For a simpler statement, recall that val can be extended to Xan
Σ → NΣ. Then,

surprisingly, it turns out that val∗(c1(L)
∧n∧δXΣ

) is a Monge-Ampère measure
on NΣ, in the following sense.

Recall from Section 2.5 the definition of the Monge-Ampère measure M(ψ)
associated to a concave functionψ : NR → R. By abuse of notation, denote also
by M(ψ) its extension to NΣ by zero: for E ⊂ NR, set

M(ψ)(E) = M(ψ)(E∩NR).

Then we have

Theorem 4.18. Suppose XΣ is defined over an archimedean field or a discretely
valued non-archimedean field K, and L = (O(DΨ), ∥·∥) is equipped with a semi-
positive toric metric ∥·∥. Then

val∗(c1(L)
∧n ∧ δXΣ

) = n!M(ψ∥·∥).
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The proof is by first proving the result for smooth semipositive metrics (if K
is archimedean) or metrics with a semipositive model (ifK is non-archimedean),
and then passing to the limit according to the definition of semipositive met-
rics.

Neither of these latter results is very hard to prove: the first is by an explicit
computation in coordinates, similar to the proof of Proposition 4.16; the sec-
ond uses the classification of toric models in terms of rational piecewise affine
functions and then the fact that the Monge-Ampère measures of such functions
are supported on the vertices of a polyhedral complex. For details, see [BPS14,
Theorems 4.4.4, 4.7.4].
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Chapter 5

Toric Heights

5.1 Local toric heights

Let Σ be a complete fan on NR, and let XΣ be the corresponding complete
toric variety. Let Ψ : NR → R be a support function on Σ, i.e. a virtual support
function (see the beginning of Section 4.3) on Σ which is concave. In this case,
Ψ is the support function of the polytope

∆Ψ := stab(Ψ),

which is the lattice polytope conv(m(σ))σ∈Σ. The corresponding line bundle
L = O(DΨ) is globally generated.

Let L = (O(DΨ), ∥·∥) be equipped with a semipositive toric metric.
Recall that by Theorem 4.14, semipositivity implies that the associated func-

tion ψ = ψ∥·∥ : NR → R is concave.
Our first observation is that stab(ψ∥·∥) does not depend on the metric cho-

sen.

Lemma 5.1. We have
stab(ψ) = stab(Ψ).

Proof. Recall from Theorem 4.14 that ψ−Ψ is bounded onNR. The result then
follows from

inf
u∈NR

(m,u) −ψ(u) = −∞ ⇐⇒ inf
u∈NR

(m,u) −Ψ(u) = −∞.

Let ∆Ψ = stab(Ψ) be the polytope determined by Ψ.

Definition 5.2. Let L be as above. The roof function associated to L is defined to
be the Legendre-Fenchel dual of ψ∥·∥, denoted by

ϑ∥·∥ = ψ∨
∥·∥ : ∆Ψ → R.
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This is well-defined by the above lemma.
Similar to when we defined global heights, we now make the simplifying

assumption that XΣ is projective.

Definition 5.3. Let {Li = (Li, ∥·∥i)}0⩽i⩽d be a family of toric line bundles with
semipositive toric metrics. Recall that each Li can also be equipped with the
canonical metric; denote with Li

can the corresponding metrised line bundle.
Let Y ⊂ XΣ be a d-dimensional irreducible subvariety. We define the toric

local height of Ywith respect to {Li} to be the following difference of local heights

htor
L0,...,Ld

(Y) = hL0,...,Ld
(Y; s0, . . . , sd) − h

L0
can,...,Ld

can(Y; s0, . . . , sd),

where s0, . . . , sd are sections of L0, . . . ,Ld meeting Y properly. The advantage
of this definition is that it does not depend on the choice of sections.

We extend the definition to d-dimensional cycles by linearity.

Remark 5.4. The toric local height is not a local height in the sense of Section 3.3.
The most important reason for which we make the current definition is that it is
independent of the choice of sections. For one thing, this independence is cru-
cial in the inductive proof of the local toric height formula (Theorem 5.5) below:
when we restrict L to any of the prime divisors V(ρF) in the support of ÷(sΨ),
the section sΨ|V(ρF) can no longer be used to compute the concave function
associated to L|V(ρF), and we are forced to work with a different section.

However, in the next section, we will discuss how this can still allow us to
compute global heights in the sense of Section 3.4. ▽

When XΣ is not projective, the local toric height of Y can still be defined by
choosing a birational projective φ : Y ′ → Y, and replace Y by Y ′, Li by φ∗Li,
Li

can by φ∗Li
can in the right-hand side of the above equality.

In fact, by an inclusion-exclusion-type formula, we can restrict our attention
to the case where all Li = L. In this case, denote

htor
L

(Y) = htor
L0,...,Ld

(Y).

We now come to the main theorem of the entire exposition.

Theorem 5.5. Let Σ be a complete fan onNR, and let X = XΣ be the correspond-
ing complete toric variety. Let Ψ : NR → R be a support function on Σ, and let
DΨ be the corresponding T-Cartier divisor. Let L = (O(DΨ), ∥·∥) be equipped
with a semipositive metric ∥·∥, with corresponding concave function ψ = ψ∥·∥.
Put ∆ = stab(Ψ) and ϑ = ψ∨ as before. Then

htor
L

(X) = (n+ 1)!
∫
∆
ϑ d volM .

We will prove this in the case when Ψ is strictly concave, or equivalently,
L is ample. The general case begins by reducing to this case, noting that L is
already globally generated and then using the general theory of toric varieties.
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We separate a few notations and lemmas to streamline the proof.
Suppose F ⊂ ∆ is a facet of ∆. Let ρF ∈ Σ1 be the corresponding ray in the

fan Σ, and let vF be the primitive vector of ρF, i.e. the minimal integral vector
along ρF.

Define M(F) to be the rank-(n− 1) sublattice M∩ v⊥F of M, and let N(F) be
the corresponding dual lattice. Note that we may regard F as a lattice polytope
in M(F)R, up to the ambiguity of translation. Indeed, for any m0 ∈ F ∩M or
more generallym0 ∈ aff(F)∩M, the translation

aff(F) ∼−→MR, m 7→ m−m0

defines an inclusion F ↪→ M(F)R as a lattice polytope, with M(F)R considered
as a subspace ofMR.

Now let iF : XF = V(ρF) → X be the inclusion of the divisor correspond-
ing to F. Let ΨF be a support function on N(F)R such that i∗FL ≃ OXF

(DΨF
).

Then we can speak of the associated concave function ψi∗FL,ΨF
of the pullback

metric on i∗FL and the corresponding roof function ϑi∗FL,ΨF
. Note that ΨF is not

uniquely determined (cf. Remark 4.10).
Then we have the following functorial property of metrised toric line bun-

dles and associated roof functions.

Lemma 5.6. Let ϑi∗FL,ΨF
be as above. Then the choice of ΨF is in fact equivalent

to a choice of m0 ∈ F ∩M, determining an inclusion F ↪→ M(F)R as above.
Under this identification, we have dom(ϑi∗FL,ΨF

) = F, and moreover,

ϑi∗FL,ΨF
= ϑ|F.

This is a simplified rephrase of [BPS14, Proposition 4.8.9].
We also need the following variant of the Stokes-type formula for Monge-

Ampère measures (Theorem 2.26).

Proposition 5.7. Let f : NR → R be a concave function such that stab(f) is
equal to the polytope ∆ = stab(Ψ) above.

Then

−

∫
NR

f dMM(f) = (n+ 1)
∫
∆
f∨ dvolM+

∑
F

Ψ(vF)

∫
F
f∨ d volM(F) .

Proof. We choose a basis (m1, . . . ,mn) ofM such that (m2, . . . ,mn) is a basis of
M(F) andm1 = −vF points out of ∆. Expressing λ in this basis we obtain

λ|F = −Ψ(vF) d volM(F) .

The result then follows from Theorem 2.26.

Proof. Now we proceed by induction on n = dimX. Denote s = sΨ.
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If n = 0, then Ψ = 0,∆ = {0}, and X is a point p. Recalling the definitions
of ψ and the canonical metric (Definitions 4.9 and 4.12), we have log ∥s(p)∥ =
ψ(0), log ∥s(p)∥can = Ψ(0) = 0. Recall also that the height of a point is simple:

htor(X) = hL(p) − h
L

can(p)

= − log ∥s(p)∥+ log ∥s(p)∥can

= −ψ(0).

But ϑ(0) = −ψ(0), and so

htor(X) = −ψ(0) =
∫
∆
ϑ d volM

when dimX = 0.
Now assume n > 0. Choose rational sections s0, . . . , sn−1 of L such that

s0, . . . , sn−1, s intersect X properly. By the inductive definition of local heights,
we have

hL(X; s0, . . . , sn−1, s) = hL(div(s); s0, . . . , sn−1) −

∫
Xan

log ∥s∥ c1(L)
∧n ∧ δXΣ

.

Now, recall from toric geometry that div(s) =
∑

F−Ψ(vF)V(ρF). Therefore,
the first term in the right-hand side above can be written as

hL(div(s); s0, . . . , sn−1) = −
∑
F

Ψ(vF)hL(V(ρF); s0, . . . , sn−1).

For the second term, recall from Theorem 4.18 that

val∗(c1(L)
∧n ∧ δXΣ

) = n!MM(ψ),

and that by definition val∗ψ = log ∥s∥, so we have∫
Xan

log ∥s∥ c1(L)
∧n ∧ δXΣ

=

∫
Xan

val∗ψc1(L)
∧n ∧ δXΣ

= n!
∫
NR

ψ dMM(ψ).

Repeating the same calculations for h
L

can(X; s0, . . . , sn−1, s), we have

htor
L

(X) =
∑
F

−Ψ(vF)htor
L

(V(ρF)) −n!
∫
NR

ψ dMM(ψ)

+n!
∫
NR

Ψ dMM(Ψ)

But now, sinceΨ is piecewise affine, recall from Proposition 2.25 that MM(Ψ)
is a discrete measure supported on the vertices ofΠ(Ψ), which is simply {0}. But
Ψ(0) = 0, so the last term in the above sum vanishes.
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But now,

htor
L

(V(ρF)) = htor
i∗FL

(V(ρF))

by general facts of functoriality of local heights, which is in turn equal to∫
dom(ϑi∗

F
L,ΨF

)
ϑi∗FL,ΨF

d volM(F) =

∫
F
ϑ|F d volM(F)

by the inductive hypothesis and Lemma 5.6.
Hence

htor
L

(X) =
∑
F

−Ψ(vF)

∫
F
(ϑ|F) d volM(F)−n!

∫
NR

ψ dMM(ψ)

= (n+ 1)!
∫
∆
ϑ d volM .

Remark 5.8. One may reasonably ask whether this theorem allows us to com-
pute the heights of other cycles. The general fact about the functoriality of
local heights, appealed to in the above proof, tells us that if Y ⊂ X is a toric
subvariety, then

htor
L

(Y) = htor
L|Y

(Y),

and this extends by linearity to cycles supported on toric subvarieties.
But in general, neither the theorem nor the proof tells us how to compute

the heights of non-toric cycles, which should be expected. ▽

5.2 Global heights from local toric heights

We now return to the global setting. Let (K,M) be a global field, and letX = XΣ

be a complete toric variety over K. Let Ψ be a support function on Σ, and let
L = O(DΨ) as before.

For each place v ∈ M, write Xv = X×K Spec Kv and Lv for the pullback of
L to Xv. We will work with a metrised line bundle

L = (L, (∥·∥v)v∈M)

such that each ∥·∥v is a semipositive toric metric on Lv, and such that ∥·∥v =
∥·∥can,v for all but finitely many places v. In particular, L is quasi-algebraic in
the sense of Section 3.4, so the global height hL(X) is well-defined.

Recall that the global height is obtained by summing the corresponding
local heights:

hL(X) =
∑
v∈M

nv hLv
(Xv; s0, . . . , sn),
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where s0, . . . , sn are rational sections of Lmeeting X properly. Since K satisfies
the product formula, the resulting global height is independent of the choice of
these sections.

We will also write Lcan for L equipped with the canonical metric at every
place.

Theorem 5.9. Let X = XΣ and L = O(DΨ) be as above. Then

h
L

can(X) = 0.

Proof Sketch. The proof is inductive and very similar to the proof of Theorem
5.5. The key observation is the vanishing of

n!
∫
NR

Ψ dMM(Ψ)

in the recursive computation of the local height h
Lv

can(Xv; s0, . . . , sn), as in that
proof.

The immediate corollary is that global heights can be computed by the
weighted sum of toric local heights.

Corollary 5.10. Let L be as above. Then

hL(X) =
∑
v∈M

nv htor
Lv

(Xv).

Example 5.11. We now return to the Guiding Example 3.27:
Let X = Pn

Q and L = O(1). Recall that the model (Pn
Z,O(1)) specifies

the canonical metric on L at the non-archimedean places, which was first
defined in Example 3.12. As we found in Example 4.13, this canonical
metric agrees with the canonical toric metric.
Together with the Fubini-Study metric on L at the archimedean place, we
have made L into a metrised line bundle on X, denoted by LFS. We now
compute its global height.
At all finite places, the toric local height is zero. Hence

hLFS
(X) = htor

LFS
(X∞).

It remains only to compute the concave function associated to the
archimedean metric. We proceed similarly as in Example 4.13.
Let ∆ = conv(0, e1, . . . , en), and let Ψ be its support function. Then L =
O(DΨ). Taking coordinates [x0 : · · · : xn] so that sΨ = x0, write a point of
the dense torus as

[1 : z1 : · · · : zn],

and let ui = − log|zi| be the corresponding coordinates on NR. The
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Fubini-Study metric gives

∥sΨ∥FS =
1

(1 + |z1|
2 + · · ·+ |zn|2)1/2 ,

so, remembering that ψFS(u) = log ∥sΨ∥FS,

ψFS(u) = −
1
2

log(1 + e−2u1 + · · ·+ e−2un).

Thus, if ϑFS = ψ∨
FS is the associated roof function on ∆, the global height

is
hLFS

(Pn
Q) = (n+ 1)!

∫
∆
ϑFS d volM .

♢
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